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Analysis of Random Gust Response with Nonlinear
Unsteady Aerodynamics

Yan-Nian Lee ¤ and C. Edward Lan†

University of Kansas, Lawrence, Kansas 66045

Experimental nonlinear unsteady aerodynamics is employed to determine the maximal aircraft response to
random gust through matched � lter theory. Two airplane con� gurations, the F-18 High Alpha Research Vehicle
(HARV) and F-16XL, have been tested in forced oscillation to provide the necessary data. The atmospheric turbu-
lence isassumedto be characterized by the von Kármángust power spectral density function.The nonlinearaerody-
namic models are set up throughFourier functionalanalysisof the test data.For comparativepurposes, linearaero-
dynamic models are also calculated by using the unsteady quasi-vortex-lattice method. It is shown that nonlinear
unsteady aerodynamics produce the instantaneous maximumlift response to gust signi� cantly higher than that by
the linearunsteadyaerodynamics.In plungingmotion, the calculatedresults showthat theuseofnonlinearunsteady
aerodynamics again results in much higher maximum gust load factors than with linear unsteady aerodynamics.

Nomenclature
CL = lift coef� cient
CL g = lift coef� cient due to random gust
CLm = lift coef� cient due to airplane’s motion
CL a = variation of lift coef� cient with angle of attack
c̄ = mean aerodynamic chord
G = approximate von Kármán turbulence transfer function
g = gravitational acceleration
Hy = transfer function of combined airplane dynamics

and gust
h y = impulsive response
I = imaginary part of a complex number
K = constant
k = reduced frequency, x c̄/ V
L = scale of turbulence
L g = lift due to random gust
Lm = lift due to airplane’s motion
M = mass of airplane
S = wing surface area
s = Laplace transform variable
t0 = time delay
t 0 = nondimensional time, V t / c̄
V = freestream velocity
Wg = vertical gust velocity/V
X = excitation waveform in the frequency domain
x = excitation waveform
Y = airplane response in the frequency domain
y = airplane response
z = vertical displacement, positive downward
a = angle of attack
Ça = time rate of change of angle of attack
D n = incremental load factor
d (t ) = impulse function
r y = root mean square of response y
s = time variable or time interval
U Wg Wg = power spectral density function of turbulence
x = circular frequency

Introduction

G USTS in nature tend to be random. They affect many aspects
of airplane � ight operationsincludingcontrol, dynamic struc-
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tural loads, and � ight safety. An airplane is designed to have suf� -
cient strength in its structure to withstand loads from landing, ma-
neuvering, random gust, etc. In the present investigation,only gust
responsewill be considered.In analysis, a randomgust is frequently
represented by a statistical model, and the lift response of wings is
assumed to be proportional to the gust velocity.1 The early design
methods for gust loads were based on a single discrete gust. The
loads were determined by assuming a one-minus-cosine gust ve-
locity pro� le con� ning the airplane motion to plunging only. Most
works performed prior to the 1950s were based on these simpli� ca-
tions. More recently, the statisticaldiscrete gust (SDG) method was
developed. The SDG method is still being used in Great Britain in
the veri� cation of airplane gust response. In the United States, the
power spectral density (PSD) method is used to de� ne gust design
loads that are speci� ed in U.S. Federal Aviation Regulations (FAR)
25 (Ref. 2).

In the estimation of gust loads on airplanes, the maximum re-
sponseto randomgust is ofmain interest,especiallyfor the structural
design purpose. Perry et al.,3 applied both the SDG method and the
PSD method to an airplane with linear aerodynamics to calculate
the maximum gust loads. Because of the exhaustive search algo-
rithm of the SDG method, the computationalcost was signi� cantly
larger than that of the PSD analysis.3 However, the PSD method
was only applied to a linear system. Scott et al. used a scheme
based on matched � lter theory (MFT) on linear4 and nonlinear5 ¡ 7

airplane models to determine the maximum gust loads. The non-
linear model consisted of an airplane with linear aerodynamicsand
nonlinear controllers. The aerodynamics were calculated by using
the doublet-lattice method (DLM), which is a linear aerodynamic
theory. The von Kármán turbulence transfer function served as a
� lter for airplane response to turbulence.

In the present investigation, the system consists of a gust model
described by von Kármán’s PSD function and an airplane un-
steady lift model that can be linear or nonlinear. The nonlinear
unsteadyaerodynamicmodels used here are developedfrom forced-
oscillation test data and are approximately linear in the amplitude
of angle-of-attack oscillation, but quite different in the magnitude
of frequency-dependentresponse from the linear theory.

Theoretical Development
To assess the effect of nonlinear unsteady aerodynamics, two

types of gust response will be investigated: 1) instantaneous max-
imum lift response without the airplane motion and 2) maximum
load factor in vertical plunging. The MFT method will be used to
obtain the maximum gust response.The MFT and the mathematical
formulation for the maximum gust response is summarized in the
following.
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MFT Method
In the MFT method, the excitation x(t ) that produces the maxi-

mum response y(t ) has the same waveform as the response wave-
form reversed in time and shifted by a time delay t0 (see Ref. 8 for
proof). The correspondingunit impulse response h y (t ) of output y
can be expressed as4

h y = K x( ¡ t + t0) (1)

Therefore, the input excitation to produce the maximum response
can be determined from the system’s unit impulse response:

x(t) = h y(t0 ¡ t) / K (2)

where K is chosen to be the root mean squares of the impulsive
response to normalize the energy of the excitation waveforms.4 To
demonstrate this, take Fourier transform of the impulsive response
h y(t ) and output y(t ) to give

Hy ( x ) = K X ¤ ( x ) e ¡ i x t0 , Y ( x ) = Hy ( x )X ( x ) (3)

where the superscript ¤ means complex conjugate.From the de� ni-
tionof the meansquare,theenergycontentof the impulsiveresponse
function h y(t ) is

h2
y (t ) =

K 2

2 p

Z 1

¡ 1
j X ( x ) j 2 d x = r 2

y (4)

If K = r y , then

1

2 p

Z 1

¡ 1
X ¤ ( x )X ( x ) d x = 1 (5)

The response of output y(t ) is, thus,

y(t ) =
K

2 p

Z 1

¡ 1
X ¤ ( x )X ( x ) ei x ( t ¡ t0 ) d x (6)

At t = t0 , y(t) is maximized and equals the root mean square of the
impulsive response, that is,

ymax = y(t0) = r y (7)

For a linear system, the application of this excitation waveform
x(t ) will produce the time history of the output y(t ), within which

Fig. 1 Flowchart of the MFT method with linear or nonlinear aerodynamics.

the maximum response is a global maximum at a speci� c time
t0.

In the present investigation,the combinedgust and linear (or non-
linear) airplaneaerodynamicsare referredto as a systemwith known
dynamics. An impulse of in� nite magnitudeand in� nitesimal dura-
tion does not occur in nature; however, if the pulse duration is much
smaller than the time constantof the system, a representationof the
input by an impulse is a good approximation.Therefore, imposing a
unit impulse on the combined system, the output response provides
the impulse response of the airplane:

h y(t ) =

Z 1

0

h y( s ) d (t ¡ s ) d s (8)

Physically, h y( s ) d (t ¡ s ) is the impulse at time s of magnitude
h y( s ) (Ref. 9). Applyinga Fourier transform,the impulsiveresponse
in the frequency domain can be easily shown to be

[h y(t )] = H̄y( x ) (9)

This relationis still validwith the nonlinearaerodynamicsused here
because the term nonlinear refers only to the relation between the
unsteady lift coef� cient and the angle of attack being different from
the linear theory. The lift model is expressed in an indicial time
integral that can be Fourier transformed. This will be explained
further later.

With the knowledge of system’s impulsive response being h y(t ),
the excitation x(t ) can be obtained from Eq. (2). The excitation is
then thenew input to the combinedsystem.At a speci� ed time t0, the
response is maximized. Therefore, the MFT method allows direct
determinationof the optimal input signal without using the calculus
of variations.

Maximum Lift Response due to Random Gust
In the presentstudy, the airplane responseto randomgust is based

on nonlinear unsteady aerodynamicdata and the MFT method. The
detailedprocedurescanbe explainedby usinga � ow chart7 shownin
Fig. 1. Figure 1 shows the determination of the critical gust pro� le
in the upper part and the corresponding maximum gust response
in lift in the lower part. As shown in the upper part, the impulsive
responseh y (t) is � rst generated.An approximatevon Kármán’s gust



LEE AND LAN 1307

� lter G(s) is used to generate the effect of atmospheric turbulence
and is given as10

G(s) =

³
r g

V

´r
L

p V

£
[1 + 2.618(L / V )s][1 + 0.1298(L / V )s]

[1 + 2.083(L / V )s][1 + 0.823(L / V )s][1 + 0.0898(L / V )s]

(10)

which approximates the square root of the von Kármán PSD func-
tion. The reason for using this approximategust � lter instead of the
original von Kármán expression is that G(s) is in the s domain and
can be easily transformedinto the frequencydomain by substituting
i x for s. The gust � lter is connected in series with nonlinear or lin-
ear aerodynamics, and together they serve as the known dynamics.
With an impulse input to the gust � lter, a 0 d (t ), whose Fourier trans-
form equals a 0, a gust impulsive response is generated. Then, the
output of the airplaneaerodynamicmodel is the impulsive response
of lift h y (t). In the conventionalnotation,h y (t ) equals CL (t ). In the
frequency domain, the response can be written as

Hy ( x ) = a 0 H̄y ( x )G( x ) (11)

where H̄y( x ) is the lift impulsive response function and is given by
the frequency response function in lift obtained through analysis of
a oscillationtestdata.11 Accordingto Ref.11, theharmonicresponse
H̄y( x ) is calculated with the indicial– integral aerodynamic model
that was established from large-amplitude forced oscillation. In the
reducedfrequencydomain, the expressionof the harmonic response
H̄y( x ) is changed to H̄y(k), which is given by

H̄y(k) = Hav(k) +
mX

j =1

¡
E1 j Ça b j + E2 j ¨a b j

¢

+ C1(H11 a b + H21 Ça b)(1 ¡ P D1)

+ C2

¡
H12 a

2
b + H22 a b Ça b + H32 Ça 2

b

¢
(1 ¡ P D2) + ¢ ¢ ¢ (12)

where a b = ¯a , the amplitude of a -oscillation data, and Ça b and ¨a b

represent ik ¯a and (ik)2 ¯a , respectively.The phase functions P D j ,
which represent the phase lag effect, are given by the Padé approx-
imants of order 2:

P D j =
P1 j (ik)2 + P2 j (ik)

P3 j (ik)2 + (ik) + P4 j

(13)

Equation (12) is the model equation for unsteady aerodynamics to
be set up through analysis of a set of forced-oscillation test data
obtained with different reduced frequenciesk. The data obtained at
each k are � rst Fourier analyzed to result in m Fourier components
with frequency jk, where j =1, . . . , m . Then the same jk Fourier
components from the whole set of data are combined to obtain the
� nal model equation in a form similar to Theodorsen’s solution in
two-dimensionalincompressible� ow. The coef� cientsC j , Ei j , Hi j ,
and Pi j in the model equation are determinednumerically througha
least-square analysis. The Padé approximants represent the phase-
lag effect, similar to the Theodorsen function. The E1 and E2 terms
in Eq. (12) represent the zero-lag effect, similar to the virtual mass
effect in incompressible� ow. Note that in the E terms, the subscript
j indicatesthe Fourier componentwith frequency jk. Thus, the term
with j =1 is associatedwith the C1 component, j =2 is associated
with the C2 component (frequency =2k), and so forth.11 With this
modeling technique, the lift response computed with all terms in
Eq. (12) is found to be dominated by the � rst harmonic term (i.e.,
the C1 term in Eq. 12), with the higher harmonic terms modifying
only the shapes of the CL curves near both ends (see Figs. 2 and 3).
In the present application, it has been veri� ed numerically that the
lift coef� cient computed with Eq. (12) varies with the amplitude of
a oscillation by less than 0.5% at a given frequency for the range
of amplitude from 10 to 45 deg (Ref. 12). However, in general,
the C1 term is much larger in magnitude as exhibited by the larger
CL hysteresis than that by the linear theory at the same oscillation
amplitude.

a) Nonlinear model

b) Linear model

Fig. 2 CL responses for nonlinearand linear models of the F-18 HARV
con� guration.
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Nonlinear model

Linear model

Fig. 3 CL responses for nonlinear and linear models of the F-16XL
con� guration.

The response function in the time domain can be obtained by
using the inverse Fourier transform of Eq. (12) and has the form
similar to Eq. (1), that is,

h y(t ) = h y(0) + zero-lag response

+
Z t

0

h y a [(t ¡ s ); a ( s ), Ça ( s )]
da ( s )

d s
d s

+
l

V

Z t

0

h y Ça [(t ¡ s ); a ( s ), Ça ( s )]
d Ça ( s )

ds
d s = K x( ¡ t + t0)

(14)

where the a and Ça subscriptsof h y imply partial differentiationwith
respect to a b and Ça b .

These integrals have the same forms as those given in Ref. 13
and are obtained through the concept of indicial functions, not the
convolution integrals. The equation is used to represent the present
unsteady lift model obtained from test data. To perform a numerical
time integration, a (t) must be known as a function of time.

The lower partof Fig. 1 shows how the criticalgust pro� le and the
maximum airplane aerodynamic lift response are obtained. Based
on the MFT method, the time history of impulsive response h y (t)
is reversed in time to obtain the matched excitation waveform as
the input to the gust � lter. As shown in the lower part of Fig. 1, the
excitationwave input to the gust � lter still has the same form as that
given by Eq. (1) and is denoted as the same x(t). This excitation
that produces the maximal response will be de� ned as the critical
gust pro� le. The criticalgust pro� le in the frequencydomain is then
obtained as

Wg( x ) = G( x )X ( x ) (15)

Applying the Fourier transform to Eq. (1), the impulsive response
of the combined gust/airplane system can be obtained as

Hy ( x ) = K X ( ¡ x ) e ¡ i x t0 = K X ¤ ( x )e ¡ i x t0 (16)

where the superscript ¤ means complex conjugate.Solving Eq. (16)
for X ¤ and taking the complex conjugate on both sides, Eq. (16)
becomes, with Hy( x ) given by Eq. (11),

X ( x ) = ( a 0 / K )H̄ ¤
y ( x )G ¤ ( x )e ¡ i x t0 (17)

Then, substituting Eq. (17) into Eq. (15) and taking the inverse
Fourier transform, the critical gust pro� le in the time domain
becomes

Wg (t ) =
a 0

2 p r y

Z 1

¡ 1
G( x )G ¤ ( x ) H̄ ¤

y ( x )ei x (t ¡ t0) dx (18)

where Wg (t) is dimensionless. In the present investigation, K is
chosen to be r y , which can be calculated numerically as, after sub-
stituting Eq. (17) into Eq. (5),

r y =

"
a 2

0

2 p

Z 1

¡ 1
G( x )G ¤ ( x ) H̄y ( x ) H̄ ¤

y ( x ) d x

# 1
2

(19)

The critical angle-of-attackpro� le is then obtained from the critical
gust pro� le:

a g(t ) = tan ¡ 1[Wg(t )] ¼ Wg(t ) (20)

After determiningthe criticalgust pro� le, the time-domainresponse
[Eq. (14) with a (t ) replaced by a g(t )] can then be calculated. The
time rate of change in the angle of attack Ça g is obtained by using
a central difference method in the present calculation. Note that in
wind-tunneltesting,the Ça andq effectson theaerodynamicresponse
cannot be separated. Because in the current study only the Ça effect
is incorporated, the q effect in the test data may affect the results
somewhat. Later we will present numerical results to identify the
magnitude of this q effect for a con� guration.
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To compare with the nonlinear unsteady aerodynamic effect, a
linear unsteady aerodynamic model is calculated with the unsteady
quasi-vortex-latticemethod14 (QVLM), which is similar to the DLM
method. The linear aerodynamicmodels are set up in the same way
as the nonlinearone by using the Fourier functionalanalysis, except
that only the � rst harmonic component is present. For this purpose,
the unsteady QVLM code is used to calculate the amplitude of lift
response in the frequency domain for given mean angles of attack
and oscillation amplitude. For the lift response at a given reduced
frequency, the correspondinglift coef� cient and angle of attack can
be obtained as

CL (t ) = Re
¡¡¡

CLRe + iCL Im

¢
¤ {cos(kt ) + i[sin(kt )]}

¢¢

=CLRe ¤ cos(kt ) ¡ CL Im ¤ sin(kt )

a = D a cos(kt) (21)

By assuming different reduced frequencies, several CL » a curves
are generated.These curvesare then combinedinto a linearunsteady
aerodynamic model through Fourier functional analysis with only
the � rst harmonic term.

Maximum Gust Response in Vertical Plunging
If the gust response in the presence of airplane’s motion is con-

sidered, there will be two forcing functions of the same form as
Eq. (14), one being CLg due to the vertical gust velocity component
normal to the � ight path of airplane and the other being CLm due to
the ensuing motion. The gust is assumed uniform in the spanwise
direction. The airplane is assumed to be rigid and only the plung-
ing motion of airplane will be considered. Vertical displacement is
de� ned as positive downward. The plunging-only equation can be
used to determine the ride quality and structural loads in a random
gust. For airplanes, ride quality in gust is related to the resulting
maximum normal acceleration or the maximum incremental load
factor.

The plunging equation of motion based on an inertial coordinate
system is given by (see p. 299 of Ref. 9)

Mz̈(t ) = ¡ Lm (t ) ¡ L g(t ) (22)

To illustrate the formulation, consider a rigid airplane with quasi-
steady aerodynamics.Lift generation is instantaneous,that is, there
is no time lag in the buildup of lift. Therefore, the plunging-only
equation of motion is

Mz̈(t ) = ¡ 1
2
q V 2 SCL a [ Çz(t ) / V + Wg (t )] (23)

By taking the Fourier transform of Eq. (23) with Wg(t ) replaced
by a unit impulse function, the aerodynamic transfer function of
airplane’s vertical displacement due to gust can be expressed as

Hy( x ) =
¡ 1

2
q V SCL a

M( ¡ x 2) + 1
2
q V SCL a (i x )

(24)

Then the mean square of the vertical displacement of airplane can
be obtained as

r 2
z =

Z 1

0

U yy( x ) d x =

Z 1

0

j Hy ( x ) j 2 U Wg Wg ( x ) d x (25)

where U Wg Wg ( x ) is again given by the approximate von Kármán
PSD function. To � nd the mean square of the normal acceleration,
with zero initial conditions,

z̈(t ) = ¡ 1( ¡ x 2 z̄) (26)

Therefore, the mean square of the normal acceleration is

r 2
z̈ =

Z 1

0

x 4 j Hy( x ) j 2 U Wg Wg ( x ) d x (27)

When unsteady aerodynamic effects are considered, the lift co-
ef� cient CL is now a function of time t . Equation (22) is written
as

Mz̈(t ) = ¡ 1
2
q V 2 SCLm (t ) ¡ 1

2
q V 2 SCL g (t ) (28)

The angle of attack due to motion is approximated by

a (t ) = tan ¡ 1[ Çz(t ) / V ] ¼ [ Çz(t) / V ] (29)

To determine the impulsive response, an impulsive change in gust
angle of attack, a 0 d (t ), is imposed. The Fourier transformof CLg (t)
together with the gust model gives

£
CLg (t)

¤
= a 0C̄Lg ( x )G( x ) (30)

Taking the Fourier transform of Eq. (28) results in

¯a ( x )G( x ) = H̄y( x )G( x )

=
¡ ( a 0 / 2) q V 2SC̄Lg ( x )G( x )

(i x )MV + 1
2
q V 2S

£
C̄Lm ( x ) ê ¯a ( x )

¤ (31)

where C̄Lm ( x ) is the lift coef� cient obtained in harmonic oscilla-
tions in a with an amplitude equal to ¯a ( x ). This expression is used
in Eq. (18) to determine the critical gust pro� le. The impulsive re-
sponse in Eq. (31) contains lift due to motion [C̄Lm ( x )] and gust
[C̄Lg ( x )]. As indicated before, the ratio C̄Lm ( x ) / ¯a ( x ) has been
shown to be approximately constant.

With the same procedures as in calculating the maximum lift
responsewithout the airplane’s motionbeingconsidered,the critical
gust pro� le in the time domain [Eq. (18)] and the numericalvalueof
the root mean square of the impulsive response of the gust/airplane
system can be obtained as shown in Eq. (19).

With the critical gust pro� le determined, the response in the time
domain is to be computed. Equation (22) is rewritten as

MV Ça (t ) + 1
2
q V 2SCLm (t ) = ¡ Lg (t, a g , Ça g ) (32)

Taking the Fourier transform of Eq. (32), the frequency response of
the amplitude function can be obtained as

¯a ( x ) =
¡ L g( x )

(i x )MV + 1
2
q V 2S

£
C̄Lm ( x ) ê ¯a ( x )

¤ (33)

The calculated amplitude function is the change in angle of attack
due to the critical gust. From Eqs. (26) and (29), the incremental
normal acceleration can be obtained:

z̈(t ) = ¡ 1[(i x )V ¯a ( x )] (34)

The time history of the incremental load factor can be obtained as

D n(t ) = ¡ z̈(t) / g (35)

Results and Discussion
Test Data and Aerodynamic Models

In the present investigation, two existing airplane con� gurations
and their dynamic wind-tunnel test data are used to set up the non-
linear unsteady aerodynamic models. The forced harmonic motion
test was conductedby sinusoidallyoscillatingthe airplanemodels at
some mean angles of attack and amplitudes. These models include
the following:

1) An F-18 High Alpha Research Vehicle (HARV) con� gura-
tion15 for which, for the nonlinear unsteady aerodynamic models,
the range of angles of attack covered from 2.5 to 62.5 deg with a
mean angle of attack of 32.5 deg and amplitude of 30.0 deg. For
the linear unsteady aerodynamicmodels, the angles of attack range
from 2.5 to 22.5 deg. Data were measured at reduced frequencies:
k =0.0, 0.015, 0.032, 0.0558, 0.0782, and 0.1116.

2) An F-16XL con� guration16 for which, for the nonlinear un-
steady aerodynamicmodels, the model was oscillatedabout a mean
angle of attack of 35.0 deg with an amplitude of 35.0 deg and with
theangleof attack rangingfrom0.0 to 70.0 deg.With linearunsteady
aerodynamics, the model is generated with a mean angle of attack
at 15.0 deg and an amplitude of 15.0 deg, that is, with the angles of
attack ranging from 0.0 to 30.0 deg. Data were measured at reduced
frequencies: k =0.0, 0.0223, 0.0669, 0.1124, 0.1556, 0.2012, and
0.2676.

The nonlinear unsteady aerodynamic model of the F-18 HARV
con� guration has been analyzed by using � ve Fourier modes in
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Ref. 15. The F-16XL data are analyzed here with three Fourier
terms to set up the nonlinear unsteady aerodynamicmodel. The re-
sults of lift coef� cient by the indicial integrationat the same reduced
frequenciesare comparedwith the experimentaldata for the nonlin-
ear models and with the results from the unsteady QVLM code for
the linear models. Figure 2a shows the comparisonof nonlinear un-
steady lift coef� cients of the F-18 HARV con� guration, and Fig. 2b
shows the same comparisonof linear unsteady lift coef� cients. Fig-
ure 3 presents the same comparison for the F-16XL con� guration.
Figures 2 and 3 show the experimental lift variation to the change in
angle of attack to be much different from the linear theory. Because
the F-18 HARV con� guration is mostly viscous effect dominated,
its nonlinearityat high angles of attack mostly comes from the vis-
cous � ow effect, that is, dynamic stall. The aerodynamics of the
F-16XL con� guration is mainly affected by the vortex-separated
� ow and the location of vortex bursting. In this case, only three
Fourier modes are chosen in the indicial integration for the nonlin-
ear models. As for the linear results in Figs. 2 and 3, the models
all show very good agreement with the results from the QVLM
code.14

A small-amplitude oscillatory model derived from the large-
amplitude forced oscillation data was prepared for the F-18 HARV
con� guration for the purpose of gust response analysis. The analy-
sis sets the mean angle of attack at 12.5 deg and the amplitude of
oscillation at 10.0 deg, which covered the range of angle of attack
from 2.5 to 22.5 deg. With the same reduced frequencies on which
the large-amplitude oscillation model is based, this new set of lift
coef� cients is generated through indicial integration. These results
are presented in Fig. 4.

Before presenting some results of gust response, there are two
parameters that need to be speci� ed. First, the scale of turbulence
L is set to 2500 ft as speci� ed in FAA-ADS-53 for the purpose
of illustration. The value of this scale of turbulence determines the
frequency at which the knee of the PSD function curve occurs.1

Second, the gust velocity or root mean square of gust velocity r g is
set to 66.0 ft/s for both the F-18 HARV and the F-16XL cases.

Fig. 4 Derived small-amplitude aerodynamic models for the F18
HARV con� guration.

Maximum Gust Response in Lift
The F-18HARV con� gurationis assumed to be at a Mach number

of 0.2. Assume an impulse strength a 0 =10.0 deg (=0.1745 rad)
for both the nonlinear and linear lift models. The mean aerody-
namicchord that is used to nondimensionalizethecircularfrequency
equals 11.52 ft. Based on the establishedaerodynamicmodels men-
tioned earlier, the � rst step as depicted in Fig. 1 is to determine the
critical gust pro� le [Eq. (18)]. In performing the inverse Fourier
transform in Eq. (18), the integration limits are theoretically from
negative in� nity to positive in� nity. Practically, the frequencyrange
is � nite in the numerical integration.Because the experimentaldata
were obtained for a limited range of reduced frequency,a proper se-
lection of the frequencyrange is assumed to be one that will result in
the maximumlift responseconsistentwith the originalexperimental
data. In all results to be presented, t0 is assumed zero. Through nu-
merical experimentation,it is determined that j k j ·1.5 for the F-18
HARV and j k j ·2.2 for the F16XL. Figure 5 shows gust responses
with nonlinearand linearaerodynamicsfor the F-18HARV. Figure 5
contains three plots: the upper two plots are the critical angle of at-
tack pro� les [Eq. (20)], and the correspondingtime rates of change
in angle-of-attack;thebottomplot is thecorrespondinglift response.
The upper two plots show that the resulting angle-of-attackpro� les
and time rates of change are practically the same for the nonlinear
and linear aerodynamicmodels.However, the lift response is higher
if nonlinear aerodynamics is used. It shows that the maximum lift
coef� cient with nonlinear unsteady aerodynamics is 2.079. This is
higher than the linear unsteady aerodynamic model with a maxi-
mum lift coef� cient equal to 1.376 by 51.1%. The main reason for
this large difference is because of the Ça (or frequency) effect in that
the � rst harmonic response [the C1 term in Eq. (12)] is much higher
in nonlinear aerodynamics than in linear aerodynamics.

Note that, in the present applicationof MFT, the impulse strength
a 0 is equivalent to the impulse strength K used by Pototzky et al.5

In Ref. 7, the impulse strength K was varied from 10 to 15,000
to perform a one-dimensional search for the critical gust pro� le in
a system with nonlinear controllers. In the present investigation,

Fig. 5 Critical gust pro� le and maximal CL response for the F-18
HARV con� guration.
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Fig. 6 Critical gust pro� le and maximal CL response for the F-16XL
con� guration.

the impulse strength is assumed to be a 0 =10.0 deg for the F-18
HARV con� guration. The increase of a 0 does cause the critical
gust pro� le and the subsequent gust response to change slightly.
For example, increasing a 0 from 10.0 to 15.0 deg for the same
F-18 HARV con� guration with the other factors being � xed, the
maximum lift coef� cient is calculated to increase by the order of
10 ¡ 6 . Therefore, the effect of limited variation of impulse strength
in the present study is minor. This conclusion is also true for the
F-16XL con� guration.

The � ight condition for the F-16XL con� guration is again as-
sumed to be at a Mach number of 0.2. The impulse strength is
taken to be a 0 =35.0 deg (=0.6109 rad) for the nonlinear aerody-
namic model because test data obtained at an oscillation amplitude
of 35 deg are available and a 0 =15.0 deg (=0.2618 rad) for the lin-
ear aerodynamic model. The mean aerodynamic chord that is used
to nondimensionalizethe circular frequencyequals 24.7 ft. Figure 6
shows the lift response to gust with nonlinear and linear aerody-
namics. Figure 6 contains the same three plots as shown in Fig. 5.
Again, Fig. 6 shows that the resulting critical angle of attack and
the time rates of change pro� les are indistinguishablebetween the
nonlinear and linear aerodynamics. In Fig. 6, the maximum lift co-
ef� cient is 1.491 for the nonlinearaerodynamicmodel and is higher
than the lift coef� cient of 0.951 for the linear aerodynamicmodel by
56.8%.

Maximum Gust Response in Vertical Plunging
The purposeof incorporatingairplane’s plungingequationof mo-

tion in the present gust response analysis is to determine the max-
imum incremental load factors with linear or nonlinear unsteady
aerodynamics.The airplane is assumed rigid.

The weight of F-18 HARV is assumed to be 30564.7 lbf, and
the wing reference area is 400.0 ft2. The large-amplitudenonlinear
and linear unsteady aerodynamic models are used to calculate the
critical gust pro� les with an impulse strength a 0 =30.0 deg. The
root mean square gust velocity is again assumed to be r g =66.0 ft/s.
The freestream velocity V is 223.2 ft/s, which results in a dynamic
pressure q =59.2 lbf/ft2 .

Fig. 7 Critical gust pro� le and maximalload factor for the F-18 HARV
con� guration in plunging motion.

The critical gust pro� le is obtained from Eq. (18) with
H̄y( x )G( x ) de� ned by Eq. (31).

Comparison of the critical angle of attack and the corresponding
time rates of change in angle of attack with either linear or non-
linear unsteady aerodynamics are shown in the upper two plots of
Fig. 7 for the F-18 HARV. These two plots show that the critical
gust pro� les are no longer identical for the linear and nonlinear
unsteady aerodynamics. The bottom plot is the resulting time his-
tory of the incremental load factor. Because the z axis is de� ned as
positive downward, the resulting negative gust load factor means
that the airplane is responding to an upward gust. For nonlinear un-
steadyaerodynamics,the maximum upward incremental load factor
is equal to 0.620 and the maximum downward load factor is 0.127.
If the linear unsteady aerodynamics are considered, the maximum
upward incremental load factor is 0.417 and the maximum down-
ward load factor is 0.101. The numerical results show the maximum
upward incremental load factor occurred at the initial time because
t0 is assumed zero. The airplane will experience a downwash as
it moves upward. The current numerical results also show that the
maximum upward incremental load factor for nonlinear unsteady
aerodynamics is higher than that for linear unsteady aerodynamics
by 48.7%. This result indicates that the F-18 HARV airplane with
a moderately swept wing is sensitive to the effect of nonlinear un-
steady aerodynamics.Again, the large difference in the incremental
load factors comes from the Ça effect.

For the F-16XL, the weight is taken to be 43,000.0 lbf, and the
wing reference area is 600.0 ft2 . The same large-amplitude (a 0 =
35.0 deg) nonlinear and small-amplitude ( a 0 =15.0 deg) linear un-
steady aerodynamic models as used earlier are used to calculate
the critical gust pro� les and their correspondingresponses. In addi-
tion, r g =66.0 ft/s and V =223.2 ft/s, which results in a dynamic
pressure q =59.2 lbf/ft2 .

The critical angle of attack and rate of change in angle-of-attack
pro� les are shown in the upper two plots of Fig. 8. It shows that the
criticalgust pro� les are again differentwith the linear and nonlinear
unsteady aerodynamics. The bottom plot shows that the maximum
upward incremental load factor is equal to 0.521 and the maximum
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Table 1 Calculated D nmax from different
aerodynamic models

Linear Nonlinear
Model Quasi-steady unsteady unsteady

F-18 HARV 0.267 0.417 0.620
F-16XL 0.318 0.274 0.521

Fig. 8 Critical gust pro� le and maximal load factor for the F-16XL
con� guration in plunging motion.

downward load factor is 0.127 for the nonlinear unsteady aerody-
namics. With the linear unsteady aerodynamics, the maximum up-
ward incremental load factor is 0.274 and the maximum downward
load factor is 0.070. Therefore, the maximum load factor with a
nonlinear unsteady aerodynamic model is 90.1% higher than that
with linear unsteady aerodynamics.

Analysis based on quasi-steadyaerodynamics [Eq. (23)] has also
been performed. The lift curve slopes CL a in Eq. (23) are obtained
from static lift curves and are found to be 5.797 and 2.530/rad for
the F-18 HARV and F16XL, respectively.The results for D nmax are
compared with other aerodynamicmodels in Table 1. It is seen that
quasi-steady approximation is inadequate in predicting D nmax for
the F-18 con� guration with a moderate aspect ratio.

Theoretically, plunging, rather than pitching, oscillation data
should have been used in Eqs. (31) and (32). To see the difference,
D nmax for the F-18 HARV based on linear plunging aerodynamics
is calculated, and is equal to 0.387, as compared with 0.417 with
the pitching model. This result shows that the q effect in the lin-
ear aerodynamic model increases the predicted D nmax in plunging
motion by 7.7%.

Conclusion
A method to incorporatenonlinearunsteady aerodynamics in the

MFT in determining gust response was developed. These nonlin-
ear unsteady aerodynamics were obtained through analysis of ex-
perimental data by forced oscillation testing. This new process of
analysis showed that using the more realistic nonlinear unsteady
aerodynamic models would produce at least 50–60% higher maxi-
mum lift response than the linear theory for the F-18 HARV and the
F-16XL under the prescribed von Kármán gust. With the airplane
in the plunging-only motion, the nonlinear unsteady aerodynamics
produced 48.7–90.1% higher maximum incremental load factors to
the von Kármán gust than the linear unsteady aerodynamics for the
F-18 HARV and the F-16XL. The main reason for the large differ-
ence was the effect of the time rate of change in angle of attack.
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